Abstract. Although the transformation between threedimensional reference systems has been widely studied in geodesy, in this paper, a different way of integrating, and not transforming, both systems is used. On one hand, a straightforward computational method without iterations nor "a priori" known values is shown. On the other hand, some applications have been made and presented. The method, recently recognised by Grafarend, is known as the Procrustes solution and it is based on the Singular Value Decomposition of a matrix from which we obtain the Euler Elements. Finally real network located in Gipuzkoa has been used to monitor a simulated deformation via the Procrustes solution, which is compared with the Helmet's datum transformation classical approach.
Introduction
Still today, one of the most challenging tasks in geodesy is the datum transformation. We can admit that the datum transformation problem has never been as important as nowadays that a new global reference system has been adopted: ETRS89. Thus, obtaining correct and accurate transformation models from one system to other (global to global, global to local or local to local) is a main task in modern geodesy to warrant that there is no loose of accuracy in the data due to the transformation. Although the datum transformation has been widely studied by many authors (Krakiwsky and Thornpson, 1974) , this paper deals with the method known as the Procrustes problem (Schonemann, 1966 , San so, 1973 , Crosilla, 1983 , Awange, 2003 , A wange and Grafarend, 2005 . The basic aim of the Procrustes solution is to fit one given set of points into another known set of points and get a measure of the quality. In the next pages, the different solutions will be treated in detail and an example is provided were transformation models are compared, using real data.
Three Systems

Dimensional Positioning
In order to understand the Procrustes solution, the local and the global three dimensional positioning systems must be defined. The main characteristics of such reference systems are pointed in the next lines.
Local Positioning System
The local positioning system ( Figure 1 ) owes its name to the following characteristic: every measure is referred to a local origin which is, usually, the centre of the instrument. The local positioning system (fl, f2, f3) can be described as follows: 
Global Positioning System
The main characteristics of the global positioning system (FI, F1, F3) 
Three Dimensional Datum Transformation Models
The Helmert Transformation
The classical Helmert datum transformation solution is given by a translation (vector T), a scale factor k and a rotation (matrix R(W)). The most important disadvantages of Helmert's solution are: they need "a priori" known values, they are iterative and need to be linearized. Commonly, the solution is presented by the equations
The parameters of the transformations are obtained by the least squares mixed conditional model Ax+Bv=-t = 0, were A and B are the design matrices, x the parameter vector, t the vector of observations and v the residuals.
The Procrustes Transformations
The weighted extended orthogonal Procrustes (WEOP) transformation in given by the equation (Awange and Grafarend 2005) 
were E represents the residuals, x, X, the coordinates of several points in each system respectively, k the scale factor, R the rotation matrix and u is a vector of as many ones as known points in both systems. T is the translation vector.
To see how (3) is obtained we need to know how a transformation of a point is performed. To transform the coordinates of a point from a known reference system into another known reference system a translation vector, a rotation matrix and a scale factor shall be considered. 
We consider the matrices ofthe coordinates:
Taking into account the notation used in (3), and the Cartesian coordinates in (7), the transforrnation equation for n points can be rewritten as:
By transposing (8) we get:
The data are nor error free and this fact is taken into account by adding the error matrix E. Thus, the Procrustes final equation is:
The conditions imposed to determine the parameters of the transformation are:
• Norm of E must be a minimum.
• R is orthogonal
Since we need to solve a conditioned nurumum, among all the possible solutions, the Lagrange method is considered. The norm used will be the Frobenius Norrn:
Thus, the equation to be solved is (3) with the conditions:
The Frobenius norm (seminorm) is defined by means ofthe trace ofmatrix as follows (12) The weight matrix P of the observations is semidefinite positive because it might occur that not all the elements are known. In this cases, the solution is obtained by using null values for such element. P is computed by taking into account the dispersion matrixes of both sets of coordinates (see sec.3.3).
To solve (3), subject to conditions (11) the first step is to compute the translation vector T. The norm to be minimized is
For (13) to be a minimum, its partial derivative with respect to the unknowns must be null:
Finally, the translation vector can be written as: (15) In the special case that P=l, the solution is :
Once the translation vector has been computed, we do now proceed to obtain the scale factor.
Taking into account (15), the equation to be solved IS now:
(17) is centred because the translation parameters have been included in the formula.
A new matrix shall be defined:
With (19), (18) can now be written as:
Eq. (21) must be a minimum, so its derivative with respect the unknown must be null:
Finally, we get the scale factor:
In the particular case that the weight matrix IS diagonal unitary, the scale factor obtained is:
We can now write: 
The maximum value of (30) is given by:
;=1
Once the translation vector and the scale factor have But the maximum is: been computes, the rotation matrix will be computed. To compute the rotations, (17) and (23) tr (:EVTR TU) = tr:E, =tr XTCTpCX -2 + ...
The condition for (25) to be a minimum is: 
For the special case that P=I, we get:
We can now compute the residuals by taking into account all the parameters computed:
The Frobenius norm, which can be considered as a measure ofthe quality ofthe transformation equals:
The values for the residuals and the Frobenius Norm, in the special case P=I are respectively: 
The Weighted Procrustes solution takes into account the dispersions of both coordinate sets. Nevertheless, the weight matrix P, has not been defined yet. This section deals with the computation of the weight matrix.
The weight matrix must take into account the dispersion matrices of both sets of coordinates and, of course, the local dispersion matrix when it is transformed to the global frame. It has been proved (Awange and Grafarend., 2005) that the weight matrix equals to:
In (41), L makes reference to the variance covariance matrix, vec is the vec operator and ® is the Kronecker product.
Partial Procrustes Analysis
The partial Procrustes Analysis deals with the computation only of the rotation elements. No translation vector nor scale factor are computed (Awange and Grafarend, 2005) . Thus, the solution is given by (35) and (36).
Once the rotations matrix is computed, the next step is to transform the matrix elements into the orientation elements: astronomic latitude (<I» astronomic longitude (A) and the orientation unknown (L), as has been stated in section 3, Euler angles are obtained by the parameterization of the rotation matrix as follows:
Taking into account the general rotations matrix for each angle, substituting the orientation angles and multiplying in the order (42), we get:
Case Study
The data sets (courtesy of the Gipuzkoako Foru Aldundia: b5m.gipuzkoa.net) correspond to the GPS network of Gipuzkoa, which is formed by a total of 21 stations which coordinates are known in the [TRFOO frame and, thus, in the ETRS89 Reference System by applying the Altamimi transformation parameters (Altamimi et al. 2002) .
To verify the capability of the WEOP to detect deformations different movements have been simulated in 6 stations. The displacements vary from l to 6 cm in the X and in the Z components. The movements simulated have been: ITURREGI (1 cm), MENDIZORROTZ (2 cm), ONDDY (3 cm), BIANDITZ (4 cm), ZUBELTZU (5 cm) and SAN TELMO (6 cm). The analysis of the residual s should tell us if the WEOP is or not a valid model to detect deformations. Real data has been used. The residuals will be compared with those obtained from the classical Helmert datum transformation.
Both systems are global. The network (Figure 3 ) was stabilised in 2002 and it covers completely the Territory of Gipuzkoa, which is located in the Basque Country (Northem Spain) and its surface is about 2000 knr'. The network consists in 21 station which belong to the "Active and Passive GPS Network of Gipuzkoa" and it was presented in the "4" Asamblea (Zurutuza et al., 2004) . Each station has been occupied at least twice in separate sessions of not less than 8 hours of time span. A total of 7 dual frequency GPS receptors were used in each session. The 15 sessions were computed taking into account only the non trivial vectors. After the adjustment of the whole campaign, the global accuracy was estimated to be better than 2 cm with respect the active station. The coordinates of the Active Station were also computed and the accuracy estimated was better than 1,5 cm in the iTRFOO frame. Once the Reference Station was computed, the rest of the stations were adjusted constraining strongly the reference one.
The main processing parameters were: As can be seen in tables l and 2, the results are the same to the mm level. This IS very important because it means that the WEOP solution is as good as the classical datum transformation. This paper deals with the datum transformation problem though the global to global solution has been tested it is also al solution for the local to global or local to local datum transformation.
Results
A very important part of the results has already be shown in table 2. As well as the residuals, it is al so interesting to check the parameters obtained: 
Conclusions
A different method, using real data, for the classica1 datum transformation has been used (Grafarend and Awange, 2003) . The main advantages are: a. non iterative method, no "a priori" results must be known and it is a straight forward computational method. b. Method capab1e of integrating the local and the global reference systems by computing the vertical deflections. c. No need of linearization and easy to compute.
d. Promising resu1ts obtainable in the lTRF determination and densification.
From the authors point of view, the method worth deeper investigation, as well as the inclusion of the stochastic model, which has been already proposed (Awange and Grafarend, 2005) He1mert vs Procurstes: difficulties comparing rotation results due to the small values obtained in global-to-global transformation.
